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Abstract 
Solution of electromagnetic multisphere-scattering problems involves the determination of a large number of Gaunt 
coefficients that are connected with definite integrals of products of three associated Legendre functions. This paper 
presents general recursion formulae cycling a single index for the Gaunt coefficient. With the use of the recursive scheme, 
Gaunt coefficients of either low or high degree and order can be evaluated accurately and expeditiously. 
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I. Introduction 
Solution of electromagnetic multisphere-scattering problems involves the use of addition theorems 
for vector spherical harmonics [2-4,7-9, 13, 16]. Determination of addition coefficients [4, 6, 13, 
18] requires the evaluation of the so-called Gaunt coefficient [10] defined by 
a(m, n, #, v, p) = (2p + 1) (p - m - #)! f~_ pn~(x)PvU(x)Ppm+~(x) dx, (1) 
2 (p+m+#)!  
where m, n, #, v, p are integers, n i> 0, v >t 0, and pm represents he associated Legendre function of 
the first kind with degree n and order m. The computation of Gaunt coefficients i  rather involved 
in practical applications. Bruning [2] and Fuller [7] tried to derive general recursion relations for the 
Gaunt coefficient and were partially successful. Recently, an efficient algorithm has been developed 
[17, referred to paper I hereafter] for the fast evaluation of the Gaunt coefficient through solving 
the most appropriate (lower triangular) linear system. As the further development from paper I, the 
present paper completes the derivation of the general recursion relations of the Gaunt coefficient. 
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2. Previous works 
Recurrence is by all means the most efficient and the most accurate way to calculate Gaunt 
coefficients. Considerable fforts have been made in the derivation of the most desirable recursive 
relations of these coefficients [2, 3, 7]. 
In 1971, Bruning and Lo [3] published the three-term recurrence formula for the particular Gaunt 
coefficients with # =-m:  
~p+lap - (4m 2 + C~p+2 + ~p+3)ap+2  ~p+4ap+4 = 0, (2) 
where ap stands for the Gaunt coefficient a(m,  n , -m,  v, p )  and 
[p2 _ (n + v + 1 )2][p2 _ (n - v) 2] 
~p = _ (3 )  
4p 2 1 
Explicit expressions, given by Bruning and Lo, for the two starting values for the implementation 
of the recurrence formula (2) are 
(n + 1 ).(v + 1)v (n + v)! 
a.+v = (n + v + 1).+v (n - m) ! (v  + m)! '  (4) 
(2n + 2v - 3)[nv - m2(2n ÷ 2v - 1)] (5) 
a.+~_2 = a.+~ (2n - 1)(2v - 1)(n + v) 
This recursion scheme provides accurate numerical results for all low- and high-degree coefficients, 
but it applies only to the special group of the Gaunt coefficients with It = -m.  
Cruzan [4] provided nine recursion relations for the Gaunt coefficient involving as many as six 
terms or three indices within a single formula: 
(2p-  1)(n + v-  p ) (n -  v + p+ 1)a(m,n ,  it, v -  1,p) 
=(2p÷ 1)[2(v - I t ) (p  - m - I t )a (m,n ,  it, v, p - 1) 
- (v  - I t ) (v  - It + 1)a(m,  n, It - 1, v, p - 1 ) 
- (p  - m - It - 1)(p - m - I t )a (m,n ,  It + 1 ,v ,p  - 1)], (6) 
(2p + 3 )(n - v + p) (n  + v - p + 1 )a(m,  n, It, v + 1, p )  
=(2p+ 1) [ - (p+ m +i t  + 1) (p+m+it+2)a(m,n ,  i t+  1 ,v ,p+ 1) 
+2(v + It + 1)(p + m + It + 1)a (m,n ,  It, v, p + 1 ) 
- (v  + I t ) (v  ÷ It + 1 )a(m,  n, p - 1, v, p + 1 )], (7) 
(2p-  1) (n+ v+ p+ 2) (v -n+ p+ 1)a(m,n ,  it, v+ 1, p) 
=(2p ÷ 1 )[(p - m - p ÷ 1 ) (p  - m - I t )a (m,  n, #, v, p - 1 ) 
+2(v + # + 1 ) (p  - m - #)a(m,  n, # + 1, v, p + 1 ) 
+(v + It)(v + It + 1)a(m,n ,  i t -  1 ,v ,p -  1)], (8) 
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(2p + 3 )(v - n + p)(n + v + p + l )a(m,n,#, v - l, p) 
=(2p+ 1)[ (p+ m + #+ 1) (p+m+#+2)a(m,n ,#+ 1 ,v ,p÷ 1) 
+2(v -  #)(p+ m + # + 1)a(m,n,#,v,p + 1) 
+(v - #)(v - # + 1)a(m,n,# - 1, v, p + 1)], 
(2p -  1 ) [ (p+m+ #+ 1) (p+m+#+2)a(m,n ,#+ 1 ,v ,p+ 1) 
- (v -#) (v -#+ 1)a(m,n ,#-  1, v ,p+ 1) 
-2#(p  + m + # + 1 )a(m, n, #, v, p + 1 )] 
=(2p + 3) [ (p -  m - #) (p -  m-  #-  1)a(m,m,# + 1 ,v ,p -  1) 
- (v  + #) (v -  # + 1)a(m,n ,#-  1 ,v ,p -  1) 
+2#(p - m - #)a(m, n, #, v, p - 1 )], 
a(m,n ,#,v ,p )=a(m+ 1 ,n ,#,v ,p )+a(m,n ,#+ 1,v,p), 
(9) 
(lO) 
(11) 
(p -  m-  # + 1)(p + m + #)a(m,n,#,v,p)  
=(v-  # + 1)a(m,n ,#-  1,v,p) + (n + m)(n - m + 1)a(m - 1,n,#,v,p), (12) 
[(p + m + #)(p - m - # + l ) + (v - #)(v + # + l ) - (n + m)(n - m + l )]a(m,n,#, v,p) 
- - - - (v+#)(v -#+l )a (m,n ,#-  1,v ,p )+(p-m-#) (p+m+#+ l )a(m,n,#+ l ,v ,p) ,  
(13) 
[(p + m + #)(p  - m - ~ + 1) + (n -- m)(n + m + 1) - (v+#)(v -#+ 1)]a(m,n,#, v p) 
=(n + m)(n - m + 1 )a(m - 1, n, #, v, p )  + (p  - m - #) (p  + m + # + 1 )a(m + 1, n, #, v, p) .  
(14) 
By reindexing and rearranging six out of these nine recurrence relations, Bruning [2] obtained the 
following pair of general three-term recurrence formulae in the two indices v and p: 
(2p + 1) (2p-  3)(v - # + 1) [p (p -  1 ) (m-  #) - (m + #)(n - v)(n + v + 1)] 
xa(m,n ,#,v+ 1 ,p -  1)+(2p+ 1) (p -  m-  #-  1) (p -n+ v -  1 ) (p+n+ v) 
× [#(p - v - 1 ) - m(v + 1 )]a(m, n, #, v, p - 2) + (2p - 3)(p + m + #)(n + v - p + 1 ) 
×(n - v + p)[#(p + v) + m(v ÷ 1)]a(m,n,#,v, p) = 0, (15) 
(2p+ 1) (2p-  3) (v+ #) [p(p -  1 ) (m-  #)-  (m ÷ #) (n -  v)(n + v + 1)] 
×a(m,n ,#,v -  l ,p -1 )+(2p+ l ) (p -m-#-  l ) (n÷ v -  p+ 2) (n -v+ p -1)  
x [#(p + v) + mv]a(m, n, #, v, p - 2) + (2p - 3)(p + m + #)(n + v + p + 1) 
×(p - n ÷ v)[#(p -- v - 1) - mv]a(m,n,#, v, p) ---- 0, (16) 
from which Fuller [7] derived a single three-term recurrence relation in the index p alone: 
Zlap_4 ÷ X2ap_2 ÷ •3ap : 0,  (17) 
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where ap denotes the Gaunt coefficient a(m, n, It, v, p) and 
X1 =A(v + 1, p -  1)B( -v -  2, p -  3)B(v ,p -  4), 
X: = [(v + 1 )2 _ ItZ]A(v + 1, p - 1 )A(v + 1, p - 3)A(v + 2, p - 2) 
÷A(v+ 1, p -  3 )B(v ,p -  2)F( -v -  2, p -  1) 
÷A(v+ 1 ,p -  1)B( -v -  2, p -  3)F(v ,p -  2), 
Z3 =A(v+ 1, p -3 )F ( -v -2 ,  p -  1)F(v,p), 
with 
(18) 
A(v, p) = p(p + 1 )(m - #) - (m + It)(n - v + 1 )(n + v), 
B (v ,p )=p-m- i t÷ l (n -v -p -1) (n+v+p+2)[m(v+l ) - i t (p -v÷l ) ] ,  (19) 
2p+l  
F(v ,p ) -  P+m+it (n+v-p+ 1) (n -v+p) [m(v+ 1) + It(p + v)]. 
2p+l  
The two starting values used by Bruning and Fuller are 
(n+ 1),(v ÷ 1)v(n+v-m- i t ) !  (20) 
a ,+~-  (n+v+l ) ,+~ (n -m)! (v - i t ) ! '  
(2n + 2v - 3)an+v 
an+v = (2n - 1 ) (2v  - 1 ) (n  + v - m - #) (n  + v - m - # - 1 ) 
× {(n+ v -  1) [nv+mit (2n+2v-  1 ) - (m+#)[vm(2v-  1) +n#(2n-  1)]}. (21) 
Although this recursion scheme works reasonably well in many cases, as will soon become evident, 
it is not quite correct and suffers from a few problems. First, it is clear from its definition [Eq (1)] 
that the Gaunt coefficient possesses a distinct property 
a(m, n, #, v, p) = a(#, v, m, n, p). (22) 
As a consequence, all recurrence r lations hould remain unchanged after transposition of (m, n) with 
(it, v). While Bruning and Lo's recursion relation for It =-m [Eqs. (2) and (3)] is satisfactory for 
such an inspection, the general recurrence formulae [Eqs. (15)-( 19)] given by Bruning and Fuller do 
not satisfy this requirement. Second, as noticed by Fuller [7], this general recurrence scheme alone is 
usually unable to produce the complete set of a(m,n, It, v, p) for an integer group of (m,n, It, v). For 
certain relations between m,n, It, v and p, the coefficient of the p -  4 term in Eq. (17), Z1, vanishes 
and this invalidates the recurrence r lation. There are seven classes of zeros of X1 [7]. Most of these 
cases can be handled with special treatment. But in some cases, Zl = 0 cannot be circumvented. 
For some integer groups of (m,n, it, v) with some particular values of p, for instance, (3, 8 , -2 ,7)  
with p -- 5 or ( -3 ,  11,2,9) with p = 6, B( -v  - 2, p - 3) = 0, while transposing the indices (re, n) 
with (it, v) results in B(v, p - 4) = 0. In these cases, the general recurrence scheme represented by 
Eqs. (17)-(19) is not applicable and other methods for calculating these particular coefficients must 
be employed. Third, this recursion scheme fails to provide correct numerical values for the Gaunt 
coefficients of certain integer groups of (m, n, It, v), such as (2, 39, 40,45) and (3, 35, 42, 48). All these 
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imperfections of Bruning and Fuller's general recurrence formulae can be remedied by the recursion 
scheme derived in the next section. 
3. General recurrence formulae 
An alternative definition of the Gaunt coefficient given in paper I is 
qmax 
~ m+# 
P~(x )P~U(x ) = ao ~ aqPn+v_2q(X ), (23) 
q=0 
where a0 is given by Eq. (20), aq is an abbreviated notation for the normalized Gaunt coefficient 
aq/ao = a(m,n,#, v,n + v - 2q)/a(m,n,#, v n + v) 
and 
( n+v Jm+ ) 
qmax = min n, v, . (24) 
By definiton, a0 - 1. From the algorithm developed in paper I, any other normalized Gaunt coefficient 
can be analytically expressed by 
2p + 1 ~ (p  + q - i + 3/2)q+i-1 ~ (m - n)zj(# - V)z,-2j 
aq (25) 
2 2~i=0 (-q ~ T)tT(-n4---2i + 1)2/ ~ j=0 j ! ( i - j~ ' (~-nT~-2~71/2) i - j  ' 
where p = n + v - 2q, 1"14 = n q- It - -  m - -  #, and q = 1,2,..., qmax. Based on this algorithm, the following 
three-term recurrence formula can be derived: 
Coaq = Claq-i q- C2aq-2, (26) 
where al can be either a(m, n, #, v,n + v -  2/) or the normalized Gaunt coefficient at and 
c0 = (p + 2)(p + 3)(p1 + 1)(pl + 2)Ap+4O~p+l, 
el = Ap+2Ap+3Ap+4 q- (p  q- 1)(p + 3)(pl + 2)(p2 + 2)Ap+4O~p+2 (27) 
+ (p + 2)(p + 4)(p1 + 3)(p2 + 3)Ap+2~p+3, 
c2 = - (p  + 2)(p + 3)(p2 + 3)(p2 + 4)Ap+2O~p+4, 
with ~p given by Eq. (3), PI = P - m - #, P2 = P + m + #, and 
Ap = p(p  - 1)(m - #) - (m + #)(n - v)(n + v + 1). (28) 
The two starting values for the normalized Gaunt coefficients are ao = 1 and 
(2n + 2v - 3) 
E1 = 
2 
which is obtained directly from Eq. (25) and is essentially the same as in Eq. (21). It is easy to 
show that this recurrence formulation remains exactly the same aRer transposition of (re, n) with 
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(/~,v). It is also easy to show that when # -- -m a factor of 2m(p + 1)(p + 2)2(p + 3)2(p + 4) 
is common to co, c~, and c2. In this case, Eq. (26) is reduced to exactly the same form of Eq. (2). 
Because p/> 0, Pl ~> 0, and ~p+l will never be zero, Co vanishes only when Ap+4 ~-O. In all, there 
are two classes of zeros of Ap+4. The first class includes two cases: (i) /~ = m = 0 and (ii) # = m 
and v = n. In both cases, Ap vanishes independently of the value of p [see Eq. (28)] and Eq. (26) 
is reduced to a two-term recurrence relation 
(p + 2)(pl + 1)O~p+laq = (p + 1)(p2 + 2)O~p+2aq_l. (30) 
For the case of p = m -- 0, Pl = P2 - P and Eq. (30) is further reduced to 
~p+laq ---- O~p+2a q_1, (31 ) 
which is also the special case of Eq. (2) when #- - -m=0.  The second class of zeros of Ap+4 includes 
all other cases where Ap+4-----0 but Ap+6 ~ O. In these cases, the following four-term recurrence formula 
can be used: 
with 
¢oaq~Claq_l -[-¢2aq_2--[-C3aq-3, (32) 
Co = (p + 2)(p + 3)(p + 5)(pl + 1)(pl + 2)(p1 + 4)Ap+60~p+l, 
Cl = (p  + 5)(pl  -[- 4)Ap+6[Ap+2Ap+3 -k (p  q- 1)(p -[- 3)(pl + 2)(p2 + 2)~p+2], 
(33) 
c2 = (p + 2)(p2 + 3)Ap+2[Ap+sAp+6 -k (p + 4)(p + 6)(pl + 5)(pz + 5)0~p+5], 
C3 = --(p + 2)(p + 4)(p  + 5)(p2 + 3)(pz + 5)(p2 + 6)Ap+2O~p+6. 
For the implementation of this four-term recurrence scheme, an additional starting value ~2 can be 
easily obtained from Eq. (25) and has the form 
~2 - 2p + 1 (p  - i + 7/2),+1 (m - n)2j(p - v)2i-2j (34) 
i=0 (2 --ig(~4~S2t'T-1)2i j=0 j[(i - j ) [ ( -n  + 1/2) j( -v + 1/2)i_j-' 
i.e., 
a2 
(2n+2v-1) (2n+2v-7)  (2n+2v-3  ~ 2n+2v-5  
4 \ -n-~4(-n4-- i ) [ 2(n4 - 2)(n4 - 3) 
[(m - n)(m - n + 1)(m - n + 2) (m-  n + 3) 
X L 
2(m - n)(m-  n + 1) (p -  v ) (p -  v + 1) + 
(2n - 1)(2v - 1) 
+ ( l~-V) (#-v+l ) (#-v+2) (#-v+3) l  (m-n) (m-n+l )  
(2v - 1)(2v - 3) - ~n 25 i 
- v ) (u  - v + 1)  
(35) 
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In general, the calculation of the complete set of Gaunt coefficients for any integer combination 
(m, n, #, v) takes the following procedure. The first coefficient a0 is directly calculated from Eq. (20), 
~0-1,a l  and ~2 are directly calculated from Eq. (25) and all other Guant coefficients can be 
evaluated by using (i) the three-term recurrence formula (26) when Ap+450, (ii) the two-term 
recurrence r lation (30) when Ap+6 =Ap+4 = 0, and (iii) the four-term recurrence formula (32) when 
Ap+4 = 0 but Ap+ 6 ¢ O. 
4. Timing test 
In paper I, Gaunt coefficients are solved in a lower triangular linear system: 
~q-  (p ÷ 1/2)2q ~ q (m -- n)2k( ~ -- V)2q_2k 
(--n4)2q ~ k!(q--~..~--n--+-i~k-~--+ 1/2)q_k 
q--1 1/2 )q_j.~j ~-~(-P-q+J+ -.(36) 
j=0 (q - J)! 
The recurrence approach devised in this paper is the further development of the linearization algo- 
rithm presented in paper I. The Gaunt coefficient is closely related to the Clebsch-Gordan coefficient 
that is extensively used in quantum theory of angular momentum [1, 5, 15, 20] and is usually ex- 
pressed in terms of the Wigner 3jm symbol [5, 15, 20]. The Gaunt coefficient can be expressed in 
terms of the 3jm symbol as well and has the form [4] 
(n + m)! (v  + #) ! (p  - m - -  #)[] 1/2 
a(m,n,#, v, p)= (-1)m+u(Zp+ 1) -~-- m---~.(v--#)!(p + m+ l~)! 
(:  v O) (n v P ) (37) 
x 0 # -m- /~ ' 
where the Wigner 3jm symbol is defined by [11, 12] 
j l  j2 j3 ) =6m,+m2+m30(__l)jl_j2_m3 
ml m2 m3 
[ ( j l  -- ml)!(jl + ml)!(j2 - m2)!( j2 Jr- m2)]( j3 - m3)!( j3 -q- m3)! ]1/2 
x  _l k(Jl+J2-J3) ( - J l J 2 + J 3 ) k  k jl_ ml- k j2 +m2- k (38) 
with (~)s being the binomial coefficients. The Wigner 3jm symbol can be accurately calculated 
using a computer code provided by Lai and Chiu [11]. It should be mentioned here that the formula 
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Table 1 
Timing test for the calculation of the Gaunt coefficients using Xu's recurrence scheme, Xu's 
linearization algorithm and Cruzan's 3jm formulation 
nr~ax(= Vmax) N a CPU (in s) on an AlphaStation 600 5/333 
Recurrence b Linearization c 3jm a 
10 69 082 0.24 0.29 989.71 
15 440810 1.17 1.52 6 937.44 
20 1 697663 3.78 5.61 29 522.47 
30 11 757 744 21.49 41.19 250 546.81 
a Total number of the Gaunt coefficients calculated. 
b The calculation used Xu's recurrence scheme presented in this paper, i.e., Eqs. (26), (30) 
and (32). 
c The calculation used Xu's linearization algorithm presented in paper I, i.e., Eq. (36). 
d The calculation used Cruzan's 3jm formulation i.e., Eqs. (37) and (38) and the 3jm symbols 
are evaluated by Lai and Chiu's computer code [11]. 
for the 3jm symbol provided by Thompson [14, p. 270] and cited in paper I, 
j l  ./'2 j3 ) 
ml m 2 m3 
= 6m, +m2+m3,0( -- 1 )Y'-Y2-m3 
[(j3 + j l  -- j2)]( j3 - - j l  + j2 ) ! ( j l  + j2  -- j3)!( j3 - -m3)!( j3  + m3)! ] 1/2 × 
k+j2+m2 " 
( -1 )  ( J2+J3+ml -  k) ! ( j l -m l+k) !  (39) 
× Z - m3 - k) (k + jl  - j2  + m3) ' k 
is somehow unable to provide correct numerical results for large values of jl and/or j2. Extensive 
timing and numerical tests have been carried out on a DEC AlphaStation 600 5/333. Table 1 com- 
pares the computational times (in s) required by the recurrence scheme presented in this paper, the 
linearization algorithm presented in paper I and Cruzan's 3jm formulation with 3jm symbols evalu- 
ated by the Lai and Chiu computer code. The first column of Table 1 is the highest degree nmax(Vmax) 
reached in the computation. Its second column is the total number of nonzero Gaunt coefficients cal- 
culated for all possible integer groups of (m, n, #, v) from the lowest degree n = v = 0 to the highest 
degree nmax ~ Vmax. The next three colunms list the CPU time spent by the corresponding algorithms, 
showing that the computing time required by the linearization algorithm is only around 0.02% of 
that required by the 3jm calculations and the recurrence scheme reduces the computational time ever 
further by a factor of 2 or more. However, it needs to mention here that the Lai and Chiu computer 
code is designed to evaluate the Wigner 3jm symbol individually and it is in quadruple precision. 
5. Stability of the recurrence relations 
The problem of stability of the recurrence relation (2) for the special case of # -- -m has been 
discussed by Bruning [2]. Several tests can be made to check the stability of the recursion relations. 
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Table 2 
Examples of the numerical values of a(m,n,-m,n, 0) obtained from the 
recurrence r lation (26) and from the direct calculation using Eq. (40) 
m n a(m,n,-m,n,O) 
Recurrence ( - -  1 )m 2n+1 [Eq. (40)] 
0 2 0.2000000000.10 0.2000000000.10 
1 2 -0.2000000000.10 -0.2000000000.10 
1 8 -0.5882352941.10 -  -0.5882352941.10 -I 
6 8 0.5882352941.10 - l  0.5882352941.10 -I 
3 18 -0.2702702703.10 - l  -0.2702702703.10 -  
10 18 0.2702702703.10 -  0.2702702703.10 -  
5 25 -0.1960784314.10 -  -0.1960784314.10 - l  
-23 25 -0.1960784314.10 -  -0.1960784314.10 -  
2 40 0.1234567901.10 -  0.1234567901.10 -  
-35 40 -0.1234567901.10 -  -0.1234567901.10 -I 
28 62 0.8000000000.10 -2 0.8000000000.10 -2 
-42 62 0.8000000000.10 -2 0.8000000000.10 -2 
1 99 -0.5025125628.10 -2 -0.5025125628.10 -2 
90 99 0.5025125628.10 -2 0.5025125628.10 -2 
10 120 0.4149377593.10 -2 0.4149377593.10 -2 
80 120 0.4149377593.10 -2 0.4149377593.10 -2 
23 150 -0.3322259136.10 -2 -0.3322259136.10 -2 
88 150 0.3322259136.10 -2 0.3322259136.10 -2 
(i) When/~ = -m and v = n, the last Gaunt  coefficient is explicit ly given by 
(--1)m (40)  
a(m, n, --m, n, O) -- 2n + 1" 
Table 2 shows that the numerical  results from the recurrence are identical to the values calculated 
directly from Eq. (40). 
( i i) From Eq. (23) it is obvious that when p = -m,  
qmax 
~ a(m,n , -m,  v,n ÷ v - 2q) = 3,,0, (41) 
q=0 
where 6,,0 is the Kr6necker  delta symbol.  The recurrence scheme is satisfactory for such a test, as 
shown in Table 3. 
( i i i)  F rom Eq. (23) it is also obvious that when n + m and # + v are both odd, 
qmax (n + v -- 2q + m + #)! 
aq( - - l  ) (n+v-2q-m-'u)/2 2n+v_2q[(n 4 _ 2q)/2]![(n ÷ v - 2q + m +/~)/2]! = 0, (42) 
q=O 
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Table 3 
Examples of test results for ~m o a(m,n , -m,v ,n  + v - 2q) = 6,,0 
m n /~ v a(m,n, -m,  v,n + v - 2q) 
Recurrence 3jm 
0 1 0 5 0.1000000000.101 
0 5 0 10 0.1000000000.101 
0 9 0 10 0.1000000000-101 
0 10 0 12 0.1000000000.101 
0 11 0 15 0.1000000000.101 
0 12 0 20 0.1000000000-101 
0 20 0 45 0.1000000000.101 
0 40 0 80 0.1000000000.101 
0 45 0 100 0.1000000000.10 l 
3 5 -3  6 0.0000000000.10 
4 9 -4  15 0.1734723476-10 - 7 
-8  18 8 23 -0.2220446049.10 - 5
-10  20 10 30 0.2220446049.10 - 4
5 25 -5  45 0.1864827737.10 - 6
15 50 -15  60 -0.1084202172.10 -17 
-28  68 28 75 -0.3053113318.10 -15
32 78 -32  88 -0.3523657061-10 -18 
45 82 -45  100 -0.2488159283-10 -2  
0.1000000000.101 
0.1000000000.101 
0.1000000000.101 
O.lO00000000-101 
0.1000000000-101 
0.1000000000.101 
0.1000000000.101 
0.1000000000.101 
0.1000000000.10 l 
0.0000000000.10 
-0.8673617380.10 -17 
-0.2886579864.10 14 
0.3330669074.10 - 3
0.7415942860.10 - 6 
0.2292003393.10 - is  
0.2153832668.10 - 3
0.6207057437.10 - 6 
0.1227668378.10 - 8 
Table 4 
Examples of test results of ~ "+u aqen ~_2q(O ) ~-0 when n + m and v + p are both odd 
m n p v N a m+u aqP~ ~- zq( O ) 
Recurrence 3jm 
1 2 2 3 2 -0.8881784197-10 -15 
2 3 -3  6 4 0.1476249678"10 - 4
-3  6 4 7 7 -0.4440892099-10 -15 
3 8 4 5 4 0.0000000000"10 
5 8 -3  10 9 0.3480549182"10 - 3
8 11 -7  12 12 -0.4163336342"10 - 6
7 12 -6  15 13 0.4163336342"10 - 6
-8  13 9 16 14 0.8881784197.10 - 5
10 15 -9  20 16 0.2081668171.10 - 6 
5 20 -4  21 21 0.9409140134-10 - 4 
2 23 -3  28 24 -0.5905649234.10 -15
-15  28 16 31 29 0.1332267630.10 - 4 
21 32 -20  35 33 0.3469446952-10 - 7 
1 34 -2  45 35 0.2234811728"10 - 5
25 38 -30  51 39 0.1540014259"10 -25
22 45 -20  59 46 -0.8933825901-10 -16 
8 59 -45  68 46 0.4479160105.10 -79 
-68  91 73 100 92 0.0000000000-10 
0.5480060850' 10-12 
0.7424616477' 10-15 
- 0.3854694341' 10-12 
0.7511516742.10 -7 
- 0.2832456492' 10-11 
0.2157163337.10 - 2
0.1180167075"10 - 2
-0.3685496353" 10-11 
0.2763327761' 10-13 
-0.3931299730" 10-12 
-0.3900959417-10-15 
0.2287503520" 10-11 
0.5023759186-10-13 
-0.2721347453-10-16 
0.7631440397" 10-26 
-0.4042512852" 10-13 
0.2240718950" 10-79 
0.1037597656" 10-1 
a Total number of nonzero Gaunt coefficients (N = qrr~x + 1 ). 
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Table 5 
Examples of test results for ~=m~ ,,+~ aqen v_2q(O ) =Pnm(0)Pv~(0) when n + m and v + # are both even 
63 
m n /,t v P~(0)P~(0) m+~ aqen v-2q(O) 
Recurrence 3jm 
1 3 2 2 -0.45000000.101 -0.45000000.101 -0.45000000.101 
2 4 1 5 -0.14062500-102 -0.14062500.102 -0.14062500.102 
4 8 6 10 0.32923321.109 0.32923321.109 0.32923321.109 
-4  10 6 12 0.16692352.102 0.16692352.102 0.16692352.102 
2 8 1 15 0.61859894.102 0.61859894.102 0.61859894.102 
1 15 2 20 0.23252333.103 0.23252333.103 0.23252333.103 
10 18 -7  23 -0.26296072.102 -0.26296072.102 -0.26296072.102 
11 29 15 33 0.11049376.1038 0.11049376.1038 0.11049376.1038 
8 28 12 38 -0.68328242.1029 -0.68328243.1029 -0.68328243.1029 
20 34 -18 42 -0.27185270.10 -0.27185270.10 -0.27185270.10 
3 15 5 45 0.17129723.1011 0.17129723.1011 0.17129723.1011 
-17  35 20 50 -0.10024947.107 -0.10024947.107 -0.10024947.107 
28 44 -30  56 -0.34524920.10 -8 -0.34524920.10 -8 -0.34524920.10 -8 
6 24 2 66 -0.14415157.10 II -0.14415157.1011 -0.14415157.10 ll 
22 70 -12 78 -0.53509011.1016 -0.53509011.1016 -0.53509011.1016 
2 88 10 56 0.22353830-1020 0.22353830.1020 0.22353830.1020 
45 55 -38 90 -0.90367162.10 -0.90367160.10 -0.90367160.10 
-8  88 24 100 0.16481004-1031 0.16481004.1031 0.16481004.1031 
i°e°, 
qmax 
m+# 
Z aqPn+v-2q (0) ~- 0, (43)  
q=0 
and when n + m and # + v are both even, 
qm~x (n + v - 2q + m + It)! 
Z aq(--1) (n+v-2q-m-l~)/2 2n+v_2q[(n 4 _ 2q)/2]![(n + v - 2q + m + p)/2]! 
q=0 
=(_l)(,+v_m_u)/2 (n + m)!(v + #)! (44) 
2"+v-m-U[(n -- m)/2]![(n + m)/2]![(v -- It)/2]![(v + It)/2]! ' 
i.e., 
qmax 
m+,u Z aqPn+v-2q (0) = Pnm(0)evP(0)" (45)  
q=0 
For these cases, our test results (some examples are given in Tables 4 and 5) indicate that the 
recurrence scheme is also satisfactorily accurate. 
(iv) In general, the numerical values of all Gaunt coefficients in the entire set of a(m, n, It, v, p)  for 
an integer group (m,n, It, v) must satisfy Eq. (23) for any value o fx  (0 ~< Ixl 1). Some examples 
for such test calculations are shown in Table 6. Again, the results show that the recurrence is 
satisfactorily stable, regardless of the values of n and v. 
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Table 6 
K-'~qmax a pm+~ , , Examples for test results of 2_~q=0 q ,+~-2q(x) = P:(x)P~(x) for a general integer combination of (m, n, #, v) 
m n ~ v ~m(0.5)P¢(0.5) ~ m+~ aqPn v_2q(0.5) 
Recurrence 3jm 
1 3 2 3 0.18267723.101 0.18267723.101 0.18267723.101 
2 3 I 5 -0.10846460.102 -0.10846460.102 -0.10846460.102 
4 8 5 10 0.31610530.108 0.31610530.108 0.31610530.108 
-1 10 6 12 -0.11758037.105 -0.11758037.105 -0.11758037.105 
2 8 4 15 -0.99246906.105 -0.99246907.105 -0.99246907-105 
8 15 2 20 -0.70478725.10 -0.70478727.10 -0.70478727.10 
10 18 -12 23 -0.80794160.10 -6 -0.80794162.10 -6 -0.80794162.10 -6 
8 20 3 28 -0.13404075-1014 -0.13404075.1014 -0.13404075.1014 
11 28 15 33 0.77864126.1037 0.77864125.1037 0.77864125.1037 
20 25 -18 42 0.14045629.10 -3 0.14045629.10 -3 0.14045629.10 -3 
2 15 5 45 0.13175194-109 0.13175194.109 0.13175194.109 
-17 38 20 50 -0.10012303.106 -0.10012303.106 -0.10012303.106 
12 45 2 58 -0.18590121.1022 -0.18590121-1022 -0.18590121.1022 
6 24 7 66 -0.10535252.1019 -0.10535252-1019 -0.10535252.1019 
22 70 -12 75 0.92894731.1016 0.92894733-1016 0.92894733.1016 
-7 49 11 82 0.15686012.108 0.15686012.108 0.15686012.108 
45 55 -37 90 0.88411567-102 0.88411567.102 0.88411567.102 
-8 88 11 100 -0.10765527.105 -0.10765527.105 -0.10765527.105 
The recurrence relations can be used in both forward and backward recursion directions. We have 
systematically tested the stability in both directions. As shown above, our test results indicate that 
the forward recurrence (with q increasing) is generally stable. But it is found that in some rare cases 
the forward recurrence is unstable in the near-end region where the backward recurrence is stable. 
In real programming, a reliable recursion scheme needs to combine the results from both forward 
and backward recurrences, the detailed discussion of  which can be found in Ref. [20]. Because at 
boundary the recurrence relations reduce to two-term relation, both forward and backward recursions 
need only a single starting value. The formulae for the calculation of  the starting value in backward 
recursion are given in Ref. [20]. 
6. Closing remarks 
With the use of  the recurrence scheme presented in this paper, fast and precise evaluation of  
Gaunt coefficients is practical. This recursion scheme is stable and highly efficient (see also Ref. 
[20]). It has been used in practical multisphere scattering calculations for various sphere systems. 
Comparison of  theoretical results with available laboratory scattering measurements is successful [18, 
19, 20]. 
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